
Conservation of 
Momentum



Newton: Quantity of Motion
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 
F = m a 
 
F = m Δ

 v 
t 

F t = mΔ v = mv f −mvi

  

€ 

 p ≡ m v 
Ft = Δp

F =
dp
dt∑

“Forces applied for a period 
of time change an object’s 
quantity of motion.”



Conservation?
Two particles that are interacting with each other via 
some force apply equal and opposite forces to each 
other (Newton’s 3rd Law), for some amount of time t. 

€ 

F36 = −F63
dp3
dt

=
−dp6
dt

d(p3 + p6)
dt

= 0

p3 + p6 = constant

p3 + p6 = p3# + p6#

m3v3i 

m6v6i 

m3v3f 

m6v6f 



Law of Conservation of 
Momentum (isolated sys)

Whenever two or more particles in an isolated system 
interact, their total momentum remains constant.

€ 

p1 + p2 = p1" + p2"

m1v1 + m2v2 = m1v1" + m2v2"



Example 1
Alex (m=75 kg) sits on a 
5kg cart with no-friction 
wheels, and gets hit by a 
7.0 kg bowling ball with a 
velocity of 5.0 m/s.

a) What is Alex’s velocity after 
catching the ball? 

b) What is Alex’s velocity after 
the collision if the bowling ball 
bounces off with a velocity of 
-0.50 m/s?

m1v1 +m2v2 = (m1 +m2 )vfinal
(7.0kg)(5.0m / s)+ (80kg)(0) = (7+80)vfinal

v final =
35kg •m / s
87kg

= 0.40m / s

m1v1 +m2v2 =m1v1− final +m2v2− final
(7.0kg)(5.0m / s)+ (80kg)(0) = (7)(−0.5)+ (80)vfinal

v final =
35+3.5
80

= 0.48m / s



Impulse (non-isolated sys)
= “Change in momentum”

€ 

F =
dp
dt

dp = F  dt

dp∫ = F  dt
ti

t f

∫

J = F  dt
ti

t f

∫ = Δp

Note: for some 
reason, our textbook 
uses the symbol I to 

indicate impulse. 



Impulse
Area under the curve of a force-time curve



Example 2
Alex (still 75 kg) sits on 
the 5 kg cart and slams 
into the wall with an 
initial velocity of 90 km/h. 
The collision lasts 0.257 
seconds. 

a) What was the impulse 
in this collision?

b) What average force is 
exerted on Alex during 
the collision? 



Example
A 4.00 kg gun with a 80 cm 
long barrel fires a 50-gram 
bullet with at a velocity of 
400 m/s. Find: 

a)  recoil velocity of gun
b)  impulse on bullet
c)  time the bullet 

accelerated
d)  average acceleration 

of the bullet 
e)  force applied to the 

gun by the bullet 

 



Example
A 4.00 kg gun with a 80 cm 
long barrel fires a 50-gram 
bullet with at a velocity of 
400 m/s. Find: 

a)  recoil velocity of gun
b)  impulse on bullet
c)  time the bullet 

accelerated
d)  average acceleration 

of the bullet 
e)  force applied to the 

gun by the bullet 

 

a) m1v1 +m2v2 =m1v1 final +m2v2 final
0 = (4kg)v1 final + (0.050kg)(400m / s)
v1 final = −5.0m / s

b) Impulse = Ft =m∆ v
= (0.050kg)(400− 0) = 20kg •m / s

c) t = distance
speed

=
0.80m
200m / s

= 0.004s

d) a =
vf − vi
t

=
400m / s− 0
0.004s

=1.0e5m / s2

e) F =ma = (0.050kg)(1.0e5m / s2 )
F = 5000N



Collisions
Elastic

Inelastic

Perfectly 
inelastic



Collisions
Momentum (in isolated system) is always 
conserved�
                                ∑∆p=0, or p1+p2=p1’+p2’�

Energy (in isolated system) is always conserved�
                                ∑∆E=0, or ∑Ei=∑Ef�

In some collisions, there is very little energy 
“lost” to heat (sound, deformation). In these 
elastic collisions, kinetic energy is conserved: �

K1+K2=K1’+K2’



Collisions
Elastic

Inelastic

Perfectly 
inelastic



• Elastic collisions:K1+K2=K1’+K2’ & p1+p2=p1’+p2’

!
    m1v1

2 +    m2v2
2  =    m1v1’

2 +    m2v2’
2       & 

m1v1+m2v2=m1v1’+m2v2’

• Inelastic collisions:
p1+p2=p1’+p2’       or

m1v1+m2v2=m1v1’+m2v2’

• Perfectly inelastic collisions:
p1+p2=p1’+p2’       or

m1v1+m2v2=(m1+m2)v2’
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€ 

1
2

€ 

1
2

€ 

1
2

Collisions



Example 4
A ballistic pendulum is 
used to measure the 
speed of a projectile: a 5-
gram bullet is fired into a 
1-kg block of wood, 
which swings up to a 
height of 5-cm.

Find the initial speed of 
the projectile, and the 
energy lost in the 
collision.

bullet block h

θ

€ 

Ki =Uf

1
2
mvbottom

2 = mgh

vbottom = 2gh = 2(9.8m /s2)(0.05m)
vbottom = 0.99m /s

For pendulum swinging up, use Cons. 
of Energy:

For collision, use Cons. of Momentum:

€ 

mbulletvbullet + mblockvblock = mbullet + mblock( ) " v 
(0.005kg)vbullet + 0 = (1.005kg)(0.99m /s)
vbullet =199m /s



Example 5
Tarzan (69kg) is on the 
ground, about to be 
eaten by a tiger. Jane (62 
kg) climbs 14 meters up a 
nearby tree and swings 
down towards the 
ground on a vine.  She 
swings past Tarzan, 
grabbing him as she 
passes by, and they swing 
together up into another 
tree.

What is the maximum 
height that Jane and Tarzan 
can reach on their upswing?



Example 6
A 100 gram rubber bullet 
is fired horizontally at an 
800 gram block of wood 
which is sitting on top of 
a flat surface.  The 
coefficient of kinetic 
friction between the 
block of wood and the 
surface is 0.70., and the 
block slides 50 cm before 
coming to rest.

If the bullet collided 
elastically with the block, 
what were its initial and 
final velocities?

bullet
block



Example 6

bullet
block

€ 

1
2 m1v1i

2 + 1
2 m2v2i

2 = 1
2 m1v1 f

2 + 1
2 m2v2 f

2

m1v1i + m2v2i = m1v1 f + m2v2 f

m1(v1i
2 − v1 f

2) = m2(v2 f
2 − v2i

2)
m1(v1i − v1 f )(v1i + v1 f ) = m2(v2 f − v2i)(v2 f + v2i)
m1(v1i − v1 f ) = m2(v2 f − v2i)
Divide eqns to get :
(v1i + v1 f ) = (v2 f + v2i)

€ 

Fnet = ma,  Ff = ma,  µmg = ma,  a = (0.7)(9.80) = 6.86m /s2(a  of  block)

v f
2 = vi

2 + 2aΔx,  vi = 2aΔx = 2(6.86)(.50) = 2.62m /s  (vi  of  block)
m1v1i + m2v2i = m1v1 f + m2v2 f

0.1v1i + 0 = 0.1v1 f + (0.8)(2.62)→ v1i = v1 f + 20.96
(v1i + v1 f ) = (v2 f + v2i)
v1i + v1 f = (2.62 + 0)
Combine eqns to get
v1 f = −9.17m /s,  v1i =11.79m /s

Useful relationship 
for 1-d elastic 
collision problems 



2-D Collisions

€ 

p1i +p2i = p1 f +p2 f

x :  m1v1ix +m2v2ix = m1v1 fx +m2v2 fx

y :  m1v1iy +m2v2iy = m1v1 fy +m2v2 fy

€ 

1
2m1v1i

2 + 1
2m2v2i

2 = 1
2m1v1 f

2 + 1
2m2v2 f

2

m3v3i 

m6v6i 

m3v3f 

m6v6f 



Example 7
A 1000 kg car traveling north 
at 4 m/s collides with a 800 kg 
car traveling east at 3 m/s. 
After the masses of the two 
cars have locked together, 
what is the final velocity of the 
wreckage just after the 
collision?



vcue  

vcue’   

v5‘  

θ  

Φ   

2-D Collisions-”Glancing”

€ 

x :  m1v1ix + 0 = m1v1 f cosθ + m2v2 f cosφ
y :  0 + 0 = m1v1 f sinθ −m2v2 f sinφ

€ 

K :  1
2 m1v1i

2 + 0 = 1
2 m1v1 f

2 + 1
2 m2v2 f

2



Example 8
In a billiard game, a 
player needs to sink the 
eight-ball into a corner 
pocket as shown. If the 
cue ball approaches at 
1.00 m/s...

...what angle is the cue 
ball deflected? What are 
the final velocities of 
each ball? (Assume same 
mass, elastic collision.)

35°

x :mcuevcue−x +m8v8−x =mcuevcue−x" +m8v8−x
"

     (1)+ (0) = vcue" cos55+ v8
" cos35

y :mcuevcue−y +m8v8−y =mcuevcue−y" +m8v8−y
"

    (0)+ (0) = −vcue" sin55+ v8
" sin35

vcue!   sin55= v8! sin35

vcue! = 0.700v8!



Center of Mass



Center of Mass
cm 
x 

A force applied at the center 
of mass will cause the system 
of total mass m to accelerate 
in the direction of F, without 
rotation.

The center-of-mass is 
located at the “weighted 
average position of the 
system’s mass.”



Center of Mass

€ 

xcm =
m1x1 + m2x2
m1 + m2

x1  
x2  

m 1  

m 2  

xcm   



Example 9
Where is the center of 
mass in this system?

m  3m  

1.00m   

€ 

xcm =
m1x1 + m2x2
m1 + m2

xcm =
3m(0) + m(1)
3m + m

xcm =
1
4



Complex cm?

€ 

xcm =
m1x1 + m2x2 + ...mnxn

m1 + m2 + ...mn

=
mixi∑
mi∑

€ 

ycm =
miyi∑
mi∑

€ 

zcm =
mizi∑
mi∑

  

€ 

 r cm = xcm
 
i  +  ycm j  +  zcm

 
k 

 r cm =
mixi
 
i  +∑  miyi

 
j ∑  +  mizi

 
k ∑

M

 r cm =
mi
 r i∑

M



Example 10
A 2 kg mass is located at 
position (2,3), and a 4 kg 
mass is located at 
position (-2,-1). Sketch 
this two-mass system, 
and calculate the position 
of its center of mass.

-4/6, 1/3 



Example 11
Calculate the center-of-
mass for this 3-particle 
system. 2m  

4m  

m  

h 

b  d  



cm Continuous
Locating the center 
of mass for a large, 
extended  object can 
be a little trickier, but 
the same basic 
principles apply: large 
objects have lots of 
particles, all located 
various distances 
from the cm.

€ 

xcm = lim
Δmi →0

xiΔmi∑
M

=
1
M

x  dm∫

€ 

ycm =
1
M

y  dm∫

€ 

zcm =
1
M

z  dm∫
  

€ 

 r cm =
1
M
 r  dm∫

dm 

r 



Densities
For these analyses, we’re 
going to need some way of 
relating dm to the location 
of that mass.
We can do this by 
considering the
§  linear density λ,
§  surface area density σ, 

or
§  volume density ρ
of the object.

  

€ 

 r cm =
1
M
 r  dm∫

λ =
m
L
=
dm
dL
 → dm = λ  dx

σ =
m
A
=
dm
dA
 → dm =σ  dA

ρ =
m
V
=
dm
dV
 → dm = ρ  dV



Example 12
Assuming that a long, 
thin, rod has a uniform 
linear density λ=M/L, 
show that the center of 
mass for the rod, with 
mass M and length L, is in 
the middle.

xcm =
1
M

x dm∫
dm = λ •dx

xcm =
1
M

x λ •dx∫

xcm =
λ
M

x•dx
0

L

∫

xcm =
λ
M

1
2
L2

λ =
M
L

xcm =
L
2



Example 13
Assuming that a long, 
thin, rod has a changing 
linear density λ= α x, 
calculate the location of 
the center of mass.

€ 

xcm =
1
M

x  dm∫
dm = λ • dx

xcm =
1
M

x  λ • dx∫

xcm =
1
M

αx 2 • dx
0

L

∫

xcm =
α
M

1
3
L3

M = dm∫ = λ • dx
0

L

∫ = αx • dx
0

L

∫ =
1
2
αL2

xcm =
α

1
2αL

2( )
1
3
L3 =

2
3
L



Example 14
Find the center of mass 
of the 2-d right triangle 
shown here, of constant 
density.

a 

c  
b  

€ 

xcm =
1
M

x  dm∫
dm =σ  dA

xcm =
1
M

x  σ • dA∫

y = b
a

x is the height of a column

dA =
b
a
x  dx

xcm =
1
M

x  σ  
b
a
x  dx

0

a

∫

xcm =
σb
Ma

1
3
a3$ 

% 
& 

' 

( 
) 

σ =
M
A

=
M

1
2 ab

xcm =
M

1
2 ab

$ 

% 
& 

' 

( 
) 
b
Ma

1
3
a3$ 

% 
& 

' 

( 
) =

2
3
a



System in Motion
What happens if we take 
the time-derivative of rcm?

  

€ 

d
dt
 r cm =

d
dt

mi
 r i∑

M

 v cm =
mi
 v i∑

M
M
 v cm = mi

 v i∑ =
 p i∑

M
 v cm =

 p total

  

€ 

d
dt
 v cm =

d
dt

 p total
M

 a cm =
Ftotal

M

What happens if we take 
the time-derivative of vcm?

!
rcm =

mi
!
ri∑

M



Example 15
An exploding hockey 
puck of mass m is moving 
at 10 m/s in the +x 
direction when it 
explodes into two pieces, 
one of them with mass 
m/3 traveling in the +x 
direction at 15m/s.

a. What is the final 
velocity of the second 
piece?

b. Where is the center of 
mass of the system 3 
seconds after the 
explosion?

€ 

(m1 +m2)v = m1v1" +m2v2"

m(+10) =
m
3
(+15) +

2
3
mv2"

v2" = +7.5m /s

€ 

vcm =10m /s
x = vt = (10m /s)(3s) = 30m
or
Find location of two particles and
calculate cm manually.



AP Problem 



AP Problem 


