Solutions--Ch. 14 (Gauss's Law)

CHAPTER 14 -- GAUSS'S LAW

14.1) This problem is tricky. An electric
field line that flows into, then out of the cap (see
Figure I) produces a negative flux when entering
and an equal positive flux when exiting. Its net ﬁ
flux equals ZERO. That means that the only 7
electric field lines that will produce a net flux are j\
those that enter through the body of the cap N N
while exiting through the cap's hole (they pro- \{\ RN
duced negative flux while passing in but produce \|“l‘|—-—-""_|3
no additional flux as they exit via the hole). As Z
the hole has an area A, the flux through the flux-in only flux-in equals flux-out

FIGURE I

hole, hence through the cap, will equal EA,.

14.2) The volume charge density for this charge configuration will be:

Q

P=77—"3
()
3

_ 3Q
4nR®’

Additionally, a differential shell of charge of radius b and differential thickness

db located inside the Gaussian surface will have a differential volume dV equal
to:

dV = (surface area)(thickness)
= (4nb?)db.

a.) For a spherical Gaussian surface

inside the sphere (see Figure 11 to the right), cross-section of spherical shell
we can write:

dq = pdv dV = (4nb%)db
J E ° dS — qencl
s € db
' pdV v
= I EdS = 'L:O— {
S E':o
Gaussian
FIGURE Il surface
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b.) For the field outside the sphere: A Gaussian surface outside the
sphere will have Q's worth of charge within it. For this situation, Gauss's
Law in truncated form becomes:

lEods:%

0

= E@nr?) = 82

0

Q

Ame r?”

= E

In other words, the sphere will appear like a point charge for r > R.
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14.3) The situation is sketched to the right.

aandb.) Assume for the moment that the +Q's worth of charge was
NOT placed at the center of the system. In that case, the +2Q's worth of
charge placed on the inside surface of the conductor would migrate to the
outside surface of the conductor due to electrostatic repulsion.

Assume now that the +2Q's worth of charge was not placed on the in-
side surface of the conductor, but that the +Q's worth of charge was placed
at the center of the system. In that case, -Q's worth of charge would mi-
grate from the outer surface of the conductor to the inner surface of the
conductor, leaving +Q's worth of charge on the outside surface. How do
we know this? Because the electric field inside the conductor must be zero
for static charge situations, and the only way that can happen is if the net



Solutions--Ch. 14 (Gauss's Law)

charge internal to a Gaussian surface inside the conducting region is zero.
That will only happen if the charge at the center and the charge induced
onto the inside surface of the conductor are equal and opposite.

The two situations together yield the following: The +Q's worth of
charge levitating at the center will induce -Q's worth of charge onto the
inner surface of the conductor, leaving +Q's worth of charge on the outer
surface of the conductor. That will be joined by
the +2Q's worth of charge that was initially O's worth of charge
placed on the conductor's inside surface, but on inside surface
that subsequently migrated to the outer sur-
face due to electrostatic repulsion.

Bottom line: There will be +Q's worth of
charge at the center, -Q's worth of charge on
the inside surface of the conductor, and +3Q's 7
worth of charge on the outside surface of the of oo
conductor. on outside surface

FIGURE 111

c.) The charge enclosed inside a spherical
Gaussian surface whose radius is r < R, is +Q.

As such, we can write:

lEodSzgfi

0

= E@nr?) = 82

o]

e__Q

= = >
4me r

d.) The region is a conductor. As such, the electric field in the region
is zero. Proof? The charge inside a Gaussian surface within the region
will be -Q + Q = 0.

e.) Forr>R, the charge enclosed within a Gaussian surface will be
+3Q. As such, we can write:

iEodSzgfi

0

= E(4nr’) = ?;—Q

0

E= o2

= = 5 -
e r
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f.) The surface charge density on a sphere of radius R, having a total
of +3Q's worth of charge on it is:

o B
4nR,

14.4) The system is shown in Figure IV.

a.) The units of k must be inverse meters as y
the unit for r is meters and the exponent (i.e., kr) P:CLZ
must be unitless. The units of C must be r

coulombs per meter if p is to be a volume charge
density.

b.) To determine the Electric Field versus

Position graph, we must determine the electric

field function for each of the four regions in which /

distinct fields exist. Using Gauss's Law in o = constant

conjunction with spherical Gaussian surfaces for FIGURE IV

each region, we get:

--For r <R;: The electric field in this region is ZERO as there is no charge
enclosed within it.

--For R; <r <R,: Assuming the spherical Gaussian surface in this region

has a radius equal to r, we need to determine the amount of charge
residing inside that surface.
The volume charge density b units from FIGURE V

the sphere's center is: 5
dV = (4nb)db

C
p= F ekb .
If we can determine the differential charge
inside a spherical shell of radius b and
thickness db, then we can integrate that

between the inside radius of the shell (i.e., dq = pdv
R,) and the Gaussian radius r. Figure V :<CLkb>(4nb2)db
highlights the setup. 2
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[Eeds = et
S

£':O
= J.EdS = —'[ble id
S E':o
r C
e _[ble[bzekb][(sz)db]
= l = S
=  E(4nr?) = —4ECI;_(§1kb)db
80
4nc:(1)[ekb]r
o k b=R,
- - 4rnre,
(C)[ekr _ ele]
= E= K 5 .
r’e

0

--For R, <r <Rj: Inside the conductor, the electric field will equal ZERO.

--For r > R, The Gaussian surface encloses all the charge within the

configuration including that on the outer surface of the conductor. In
truncated form, Gauss's Law for this yields:

!EodS:%

0

:_ZR [C2 ek? ][(4nb2)db] +6(4nR,?)
—  Efds=""Lb
S

€

47C j:R (€*)db + o(4nR,%)

€

= E@nr®) =

0
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1Y iR 2
4nC(k)[e ]b:Rl +0(4nR,’)
= E= 5
4rree,
(E)[emz - e"Rl] +06(R,%)
= E-= > .
r’e

0

Summarizing what we know, and remembering that we can substitute
in C = 1012 coulombs per meter, o= 1012 coulombs per square meter, R, =
1 meter, R, = 2 meters, and R, = 3 meters, we have:

--Forr< Rlz E=0.

--For Rl <r< R2:
(C)[ kr kR
— ||e” —e 1]
E= K

r’e,

(m_lz)[e(l)r _ e(1>(1>]
1

r’(8.85x107*)

_ (-113)[e" -2.7]
r2

where 1<r < 2.

--For R2 <r< R3: E=0.
--For R3 <r:

_ (E)[emz 3 kR1]+GR32

e
r’e

1.545
r2

0

1072
. )[e(l)(Z) _e(l)(l)] +(10712)(3)2

r2(8.85x10’12)

where r > 3.

The graph of these functions, each evaluated in its own region, is
presented on the next page in Figure VI.
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Electric Field versus Position for Spherical Charge Configuration
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FIGURE VI

c.) Electric field functions are evidently not continuous functions,
as the graph shows.

14.5) The system is shown in
Figure VII to the right.

a.) The outside pipe must
be an insulator as it has a vol-
ume charge density associated
with it (there can be no free
charge inside a conductor as
all such charge will migrate as
far away from like charge as
possible, redistributing itself
on a conductor's outside surface).

FIGURE VII
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A Gaussian surface between r; and r,, will have charge enclosed

1
within it due to the surface charge density o, on the inside pipe's surface.
That means there will be an electric flux through the Gaussian surface
which, in turn, means there will be an electric field in that region. A

conductor cannot have an electric field within its boundary, hence the
material making up the inside pipe must be an insulator.

b.) As was the case with the spherical-symmetry-problem of the same
kind (Problem 14.4), we must derive electric field expressions for each
region. Doing so yields:

--For r <r;: Acylindrical Gaussian surface within this region will

have no charge enclosed within it, hence the electric field in this region
will be zero.
--For r, <r <r,: Inside the innermost pipe, the charge enclosed

within a cylindrical Gaussian surface of length L will be the consequence
of the surface charge density o;. As such:

[Eeds = et
S

80

= JE(dS) cos0° = o,(2mnl)
S 80

= E[@s)= 0,(2mnL)

S (o]
= E(emrL) = 22mnb)
- E=2"

re

0

--For r, <r <r,: Outside the inner pipe, the charge enclosed within a

cylindrical Gaussian surface of length L will be the consequence of the
surface charge density on the inside and outside surfaces. As such:

iEOdS:%

6,(2nr,L)-o,(2rr,L)
€

= E(@2nrL) =

]
0, —G,h
re

= E=

(o]
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--For r; <r <r,: Inside the outer pipe, there is a volume charge

density to consider. Remembering we must include ALL the charge
enclosed within the Gaussian surface (i.e., including the charge on the
Inner pipe's surfaces), we can write:

iE-ds:%

(]

[ pdV+o,(2nr,L) -, (2nr,L)
= E(@2rrL)===5

€

0

_E:r [(C / a)e"a][(ZnaL)da] +0,(2nr,L) - 6,(2nr,L)

= E=
(2nrL)e,
CJ.r (eka)da +0,(r) —0,(r,)
N E= a=r,
(Ne,
[(C/ k)eka]r_ +0,(r) —0,(r,)
N E= a=r,
(Ne,
- E_ (C/k)[ekIr —ekr3]+61(r1)_62(r2) .
(e,

--For r > r,: Outside the outer pipe, ALL the charge in the entire
system is enclosed within a Gaussian surface. As such, we can write:

iE-ds:%

0

[* pdV +o,(2nr,L) -0, (2nr,L)
=  E(@2nrL)="=

€

0

_Lr:r [(Cla)e**|[(2raL)da]+ o, (2mr,L) - 5,(2nr,L)

= E =

(2mrL)e,
[(CrK)e=]" +0,(r) - 0,(r,)
= E-= &k
(Ne,
R k)[e"" —e** |+ 0,(r,) - 0,(r,) |
(Ne,
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Summarizing what we know and putting in C = 10712 coulombs per
square meter, o, = 10712 coulombs per square meter, o, = 2x10712 coulombs

per square meter (this is the charge's magnitude--the negative sign has al-
ready been incorporated into the problem via Gauss's Law), r; =1 meter,

r, =2 meters, ry = 3 meters, and r, =4 meters, we get:

--Forr< ry E=0.
--For ry<r<ry
E= o,
re,
_ (™))
(8.85x107)r
:$ where 1<r < 2.
--For r,<r<ryg:
E= 0.l — 0,
re,
_ (107%)(1) — (2x107%)(2)
(8.85x10)r
=—¥ where 2<r < 3.
--For rs <r< ry:
[i [e'“ —ek® ]] +0,1, —O,F,
E =
re,
1072
Kl )[e“’r —e®® ]} +(107™%)(1) - (2x107%)(2)
B (8.85x107*)r
:M where 3<r < 4.
--For ry <r:
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_ [i[e"“ —gh's ]] +0,r, —0,r,

re,

107 Y oW _ .00 12 12

. [eP® —eWO] |+ (107)(2) - (2x107%)(2)
- (8.85x10 2)r
3.56

=— where 4 <r.
r

Putting it all together in Figure VI1II, we get:

Electric Field versus Position for Cylindrical Charge Configuration

E. Fid.
(nts/coul)
1.00

S
et
\SRas SaRREREEE

Position r

FIGURE VIII (meters)

14.6) The easiest possibility is a volume charge density function that is
constant. Assuming that is the case, Gauss's Law yields:
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iE-ds:%

0

= [®ds(coso’) =¥
S 80

r 7 2

KA g,

8 7 2
I 5 P L

| 6€,1 | €,
. _ kR*

Y 3

A second possibility is to assume that the volume charge density function
varies with the distance from the central axis. In that case, we can use Gauss's
Law in conjunction with a cylindrical Gaussian surface to determine the electric
field outside the rod, write out the g, , expression in terms of the volume charge

density function p, and then determine p by comparing our integral expression

with the known electric field expression. Doing so yields:

JEOdS:M
S

80
" dav
= I(E)dS(COSO°): Ja:op
R ool
= E[ds= [, pl(@ra)da)L ]
S 80
6 R d
= [kR :|(2an): 2L [ pl(a)da]
6e,r e
- [kg }Liop[(a)da].

By inspection, p = ka*.
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Not clear? Consider:
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--If p = k, the integral would equal ka?/2. After evaluating between a =0

and a = R, the right-hand side of Gauss's Law would equal KR?/2.

--If p = ka, the integral would equal ka®/3. After evaluating betweena =0

and a = R, the right-hand side of Gauss's Law would equal E = KR3/3.

--If p = ka", the integral would equal ka("*?)/(n+2). After evaluating

between a = 0 and a = R, the right-hand side of Gauss's Law would equal E =
kR("2)/(n+2).

--Noting this, the right-hand side of Gauss's Law will equal the left-hand

side (i.e., kR6/6) if the volume charge density function is ka®.

14.7)
a.) Assuming the disk’s thickness is t, the volume charge density for
the disk is:

p=QNV
= Q/[rR?t]
= Q/[r(1 m)2(.02 m)]
=15.9Q.

Using a cylindrical Gaussian plug that extends through the disk an
equal distance on either side (see Part | of this chapter if this is not clear),
we get a near-field derivation that yields:

JEOdSzM
S

80
R\
- EA+EA= Jo
80
15.9Q[dv
80

- 2EA= —15'9Q(A_2

(8.85x107%2)
. _ 15.9Q(.02)

~ (8.85x107%)
= E=1.8x10"Q.
b.) A surface charge density function for this configuration must allow

us to determine the amount of charge underneath, so to speak, an area-
section on the disk’s surface.
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As the total charge within the disk is Q while the total surface area is
mR? = m(1 m)2 = 3.14 m?, we can write:

o =Q/A
Q/3.14
.3180Q.

c.) Treating the disk like a sheet of charge and using a cylindrical
Gaussian plug that extends through the sheet of charge an equal distance
on either side, we get:

[Eeds = demt
S

80
IGdA
= EA +EA =
80
318Q | dA
= 2EA = j
80
- SEA — .318QA

~ (8.85x107%?)
= E=1.8x10"Q.

This is the same near-field expression we calculated using the volume
charge density function in Part a. It is interesting to note that this is also

numerically equal to o/2¢; .

d.) Consider a circular
hoop of radius r with total
charge dq distributed uni-
formly on its surface. Define a
differential charge dq' at some
arbitrary position on the hoop. 0 T
That differential charge will \LdE sin®
produce a differential electric dE’
field dE' at x (see Figure IX).

When we integrate to get

dE'cos 0

-

the net field dE due to all the note thatsinO PR INCRT
charge dq in the hoop, the y FIGURE IX c0s 0 = x/ (r2+ x2) 12

components will add to zero due
to the symmetry of the configu-
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ration. That means we can forget them and focus solely on the x
components of the field. Put another way, the net field dE from the hoop
will equal the x component of the vector sum of all the dE' quantities, or:

dE = JdE'(cos 6).

Doing that integral yields:

dE = [dE’,
[ 1 dg'
:J. RS—?}COSG
_j— 1 dg’ |
a 4re, ((rz +X2)1/2)2
— X da’
4neo(r2+x2)3/2‘[ A |
(x)dq

- 4me,(r? + X2)3/2 '

X
(r2 + X2)l/2

Again, the differential charge dq in this expression is the total charge on

the hoop.

Having an expression for
the magnitude and direction of
the electric field of an arbi-
trary hoop along its central
axis, we can now deal with our
disk (see Figure X). Noting

that dq = odA, where dA =

(27r)dr and o= (Q/7R?), we
can write:

dr

disk

dg =cdA=c(2ar)dr

< s= (r2+ X2)1/2
5 7 dE cos ©
x 9 | dE sin 6
dE
note that:

sin@ = r/(r2+ xz)ll2

cos 0 = x/(r2+ xz)1 2

FIGURE X
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Eactual = JdE
[ da

4ne (r* +x%)

3/2

X J- ocdA
Ane d (r* +x%)°%7

X I o[ (2xr)dr]
 4me, J (r? +x%)%?

_ XO J‘R r r
 2g, Y0 (r2 + x2)%/2

N E _ OX 1_ 1
actual 280 X (R2+X2)1/2 )

e.) As we get away from the disk, the field strength will decrease.
That means that the constant 0'/280 value we derived in the chapter for

the near-field situation will become further and further off as one proceeds
out along the x axis. We want to know at what x that near-field value is
95% of the actual value. Using the actual field expression derived in Part
d and the near-field information derived in Parts a and/or b we can write:

.95E

near—fld — o 1/2
28, | X (R*+x?)

0

lel 1

()
= .95[1.8x10"Q]|= L[E _ ;]

2¢

0

= .95(1.8x10")[2(8.85x107) (1) = [1-— X
(R*+x?)

= X =.05R.
Evidently, the Gaussian electric field is good to 5% at .05R meters
from the surface. For our case in which R = 1 meter, the near-point

Gaussian expression is within 5% of the actual electric field value when at
5 centimeters from the disk’s surface.
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